On the Structure of Weak Hopf Algebras  by Nikshych, Dmitri
Advances in Mathematics 170, 257–286 (2002)
doi:10.1006/aima.2002.2081On the Structure of Weak Hopf Algebras
Dmitri Nikshych
Department of Mathematics and Statistics, University of New Hampshire, Kingsbury Hall,
Durham, New Hampshire 03824
E-mail: nikshych@math.unh.edu
Communicated by Pavel Etingof
Received July 1, 2001; accepted February 5, 2002
We study the group of group-like elements of a weak Hopf algebra and derive an
analogue of Radford’s formula for the fourth power of the antipode S; which implies
that the antipode has a ﬁnite order modulo, a trivial automorphism. We ﬁnd a
sufﬁcient condition in terms of TrðS2Þ for a weak Hopf algebra to be semisimple,
discuss relation between semisimplicity and cosemisimplicity, and apply our results
to show that a dynamical twisting deformation of a semisimple Hopf algebra is
cosemisimple. # 2002 Elsevier Science (USA)1. INTRODUCTION
Weak Hopf algebras were introduced by B .ohm and Szlach!anyi [2] and
Szlach!anyi [18] (see also their joint work [1] with Nill) as a generalization of
ordinary Hopf algebras and groupoid algebras. A weak Hopf algebra is a
vector space that has both algebra and coalgebra structures related to each
other in a certain self-dual way and that possesses an antipode. The main
difference between ordinary and weak Hopf algebras comes from the fact
that the comultiplication of the latter is no longer required to preserve the
unit (equivalently, the counit is not required to be an algebra homomorph-
ism) and results in the existence of two canonical subalgebras playing the
role of ‘‘non-commutative bases’’ in a ‘‘quantum groupoid’’. The axioms of
a weak Hopf algebra are self-dual, which ensures that when H is ﬁnite
dimensional, the dual vector space Hn has a natural structure of a weak
Hopf algebra.
The initial motivation to study weak Hopf algebras was their connection
with the theory of algebra extensions. It was explained in [14, 15] that weak
Hopf Cn-algebras naturally arise as symmetries of ﬁnite depth von
Neumann subfactors. A purely algebraic analogue of this result was proved
in [7], where it was shown that a depth two Frobenius extension of algebras257
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DMITRI NIKSHYCH258A  B with a separable centralizer CBðAÞ comes from a smash product with
a semisimple and cosemisimple weak Hopf algebra H; i.e., ðA  BÞ ﬃ
ðA  A#HÞ:
Another important application of weak Hopf algebras is that they provide
a natural framework for the study of dynamical twists [5] in Hopf algebras.
It was proved in [4] that every dynamical twist in a Hopf algebra gives rise to
a weak Hopf algebra. Also in [4] a family of dynamical quantum groups
(weak Hopf algebras corresponding to dynamical twists in quantum
groups at roots of unity) was constructed. These weak Hopf algebras were
shown to be quasitriangular with non-degenerate R-matrices and, therefore,
self-dual.
It turns out that many important properties of ordinary Hopf algebras
have ‘‘weak’’ analogues. For example, the category RepðHÞ of ﬁnite rank
left modules over a weak Hopf algebra H is a rigid monoidal category (the
category RepðHÞ was deﬁned and studied in [3] for weak Hopf Cn-algebras
and in [12] for general weak Hopf algebras). The importance of weak Hopf
algebra representation categories can be seen from the result of Ostrik [17],
who proved that every semisimple rigid monoidal category with ﬁnitely
many (classes of) simple objects is equivalent to RepðHÞ for some
semisimple weak Hopf algebra H:
Also, the theory of integrals for weak Hopf algebras developed in [1] is
essentially parallel to that of ordinary Hopf algebras. Using it, one can
prove an analogue of Maschke’s theorem [1, Theorem 3.13] for weak Hopf
algebras and show that semisimple weak Hopf algebras are ﬁnite
dimensional.
Despite these similarities, the structure of weak Hopf algebras is much
more complicated than that of usual Hopf algebras, even in the semisimple
case. For instance, the antipode of a semisimple weak Hopf algebra H over
C; the ﬁeld of complex numbers, may have an inﬁnite order and quantum
dimensions of irreducible H-modules can be non-integer (this is clear from
the relation between weak Hopf algebras and semisimple monoidal
categories mentioned above). Also, weak Hopf algebras of prime dimension
can be non-commutative and non-cocommutative, quite in contrast with the
usual Hopf algebra theory, cf. [23]. An example of an indecomposable
semisimple weak Hopf algebra of dimension 13 having such properties was
given in [2] (see also [15, Appendix]).
In this paper we start an investigation of the structure of ﬁnite
dimensional weak Hopf algebras and prove weak Hopf algebra analogues
of several classical Hopf algebra results obtained in [8, 19].
After giving necessary deﬁnitions and discussing basic properties of weak
Hopf algebras in Section 2, we classify all minimal weak Hopf algebras (i.e.,
those generated by the identity element) in Section 3. We show that every
weak Hopf algebra can be obtained as a deformation of a weak Hopf
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on the minimal weak Hopf subalgebra.
Next, in Section 4 we deﬁne the group GðHÞ of group-like elements
of a weak Hopf algebra H and show that it contains a normal subgroup
G0ðHÞ of trivial group-like elements that belong to the minimal weak
Hopf subalgebra of H: An adjoint action of any group-like element deﬁnes a
weak Hopf algebra automorphism of H: Note that even in ﬁnite
dimensional case both GðHÞ and G0ðHÞ are usually inﬁnite. However,
when H is ﬁnite dimensional, we show that the quotient group *GðHÞ ¼
GðHÞ=G0ðHÞ is ﬁnite. This *GðHÞ turns out to be the correct weak Hopf
algebra analogue of the group of group-like elements in an ordinary Hopf
algebra. We introduce the notion of a distinguished coset of group-like
elements of H; that ‘‘measures the difference’’ between left and right
integrals in Hn:
In Section 5 we extend to weak Hopf algebras the result of Radford [19]
stating that the antipode of a ﬁnite dimensional Hopf algebra has a ﬁnite
order. Namely, we establish a formula for the fourth power of the antipode
analogous to [19, Proposition 6] and show that the order of the antipode of
a ﬁnite dimensional weak Hopf algebra is ﬁnite modulo, the group of trivial
automorphisms of H: As in [19], the proof uses non-degenerate integrals and
distinguished group-like elements of H and Hn:
Finally, we extend the Larson–Radford formula for TrðS2Þ [8] and use it
to establish a sufﬁcient condition for a weak Hopf algebra being both
semisimple and cosemisimple. We also prove that semisimplicity of a weak
Hopf algebra with coinciding bases is equivalent to its cosemisimplicity. As
an application, we show that a dynamical twisting deformation of a
semisimple Hopf algebra [4] is a semisimple and cosemisimple weak Hopf
algebra (dynamical twists are closely related to the dynamical quantum
Yang–Baxter equation of Felder [6]).
2. PRELIMINARIES
Throughout this paper k denotes a ﬁeld. We use Sweedler’s notation for a
comultiplication: DðcÞ ¼ cð1Þ  cð2Þ: For an algebra A we denote by ZðAÞ its
center.
Definition of a weak Hopf algebra: Below we collect the deﬁnition and
basic properties of weak Hopf algebras.
Definition 2.1 (B .ohm et al. [1], B .ohm and Szlach!anyi [2]). A weak
Hopf algebra is a vector space H with the structures of an associative algebra
ðH;m; 1Þ with a multiplication m : H k H ! H and unit 1 2 H and a
DMITRI NIKSHYCH260coassociative coalgebra ðH;D; eÞ with a comultiplication D : H ! H k H
and counit e : H ! k such that:
(i) The comultiplication D is a (not necessarily unit-preserving)
homomorphism of algebras:
DðhgÞ ¼ DðhÞDðgÞ; h; g 2 H; ð1Þ
(ii) The unit and counit satisfy the following identities:
ðD idÞDð1Þ ¼ ðDð1Þ  1Þð1 Dð1ÞÞ ¼ ð1 Dð1ÞÞðDð1Þ  1Þ; ð2Þ
eðfghÞ ¼ eðfgð1ÞÞeðgð2ÞhÞ ¼ eðfgð2ÞÞeðgð1ÞhÞ; ð3Þ
for all f ; g; h 2 H:
(iii) There is a linear map S : H ! H; called an antipode, such that
mðid SÞDðhÞ ¼ ðe idÞðDð1Þðh  1ÞÞ; ð4Þ
mðS  idÞDðhÞ ¼ ðid eÞðð1 hÞDð1ÞÞ; ð5Þ
SðhÞ ¼ Sðhð1ÞÞhð2ÞSðhð3ÞÞ; ð6Þ
for all h 2 H:
Axioms (2) and (3) above are analogous to the usual bialgebra axioms of
D being a unit preserving map and e being an algebra homomorphism.
Axioms (4) and (5) generalize the properties of the antipode in a Hopf
algebra with respect to the counit. Also, it is possible to show that given
(1)–(5), axiom (6) is equivalent to S being both anti-algebra and anti-
coalgebra map.
The antipode of a ﬁnite dimensional weak Hopf algebra is bijective
[1, 2.10].
Remark 2.2. A weak Hopf algebra is a Hopf algebra if and only if the
comultiplication is unit-preserving and if and only if e is a homomorphism
of algebras.
A morphism between weak Hopf algebras H1 and H2 is a map f : H1 !
H2 which is both algebra and coalgebra homomorphism preserving 1 and e
and which intertwines the antipodes of H1 and H2; i.e., f 8 S1 ¼ S2 8 f: The
image of a morphism is clearly a weak Hopf algebra.
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dual vector space Hn ¼ HomkðH; kÞ given by
hfc; hi ¼ hf c;DðhÞi; ð7Þ
hDðfÞ; h  gi ¼ hf; hgi; ð8Þ
hSðfÞ; hi ¼ hf;SðhÞi; ð9Þ
for all f;c 2 Hn; h; g 2 H: The unit of Hn is e and the counit is f/hf; 1i:
In what follows we use the Sweedler arrows for the dual actions, writing
h * f ¼ fð1Þhfð2Þ; hi; f( h ¼ hfð1Þ; hifð2Þ; ð10Þ
for all h 2 H;f 2 Hn:
Example 2.3. Let G be a groupoid (a small category with inverses) with
ﬁnitely many objects, then the groupoid algebra kG (generated by
morphisms g 2 G with the product of two morphisms being equal to their
composition if the latter is deﬁned and 0 otherwise) is a weak Hopf algebra
via:
DðgÞ ¼ g  g; eðgÞ ¼ 1; SðgÞ ¼ g1 for all g 2 G: ð11Þ
In fact, when G is ﬁnite and k is algebraically closed and has characteristic 0;
this is the most general example of a cocommutative ﬁnite dimensional weak
Hopf algebra [11].
If G is ﬁnite, then the dual weak Hopf algebra ðkGÞn is isomorphic to the
algebra of functions on G; i.e., it is generated by idempotents pg; g 2 G such
that pgph ¼ dg;hpg; with the following structure operations:
DðpgÞ ¼
X
uv¼g
pu  pv; eðpgÞ ¼ dg;gg1 ; SðpgÞ ¼ pg1 : ð12Þ
This is the most general example of a ﬁnite dimensional commutative weak
Hopf algebra over an algebraically closed ﬁeld of characteristic 0 [11].
More interesting examples of weak Hopf algebras arise as dynamical
twisting deformations of Hopf algebras [4] and as symmetries of ﬁnite depth
subfactors [14, 15].
We refer the reader to the original article [1] and recent survey [16] for a
detailed introduction to the theory of weak Hopf algebras and its
applications.
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called target and source counital maps and are denoted et and es;
respectively:
etðhÞ ¼ Eð1ð1ÞhÞ1ð2Þ; esðhÞ ¼ 1ð1ÞEðh1ð2ÞÞ; ð13Þ
for all h 2 H: The images of the counital maps
Ht ¼ etðHÞ; Hs ¼ esðHÞ ð14Þ
are separable subalgebras of H; called target and source bases or
counital subalgebras of H: These subalgebras commute with each other;
moreover
Ht ¼fðf idÞDð1Þ j f 2 Hng ¼ fh 2 H j DðhÞ ¼ Dð1Þðh  1Þg;
Hs ¼fðid fÞDð1Þ j f 2 Hng ¼ fh 2 H j DðhÞ ¼ ð1 hÞDð1Þg;
i.e., Ht (respectively, Hs) is generated by the right (respectively, left)
tensor factors of Dð1Þ in the shortest possible representation of Dð1Þ in
H k H:
Integrals in weak Hopf algebras: The notion of an integral in a weak Hopf
algebra is a generalization of that of an integral in a usual Hopf algebra
[10, 2.1.1].
Definition 2.4 (B .ohm et al. [1]). A left (right) integral in H is an
element ‘ 2 H (r 2 H) such that
h‘ ¼ etðhÞ‘; ðrh ¼ resðhÞÞ for all h 2 H: ð15Þ
We denote by
R l
H
(respectively, by
R r
H
) the space of left (right) integrals in
H: Clearly,
R l
H
is a right ideal of H and
R r
H
is a left ideal of H:
Recall that a functional f 2 Hn is non-degenerate if hf; ghi ¼ 0 for some
h 2 H and all g 2 H implies h ¼ 0: Equivalently, f is non-degenerate if the
linear map h/ðh * fÞ is injective. An integral (left or right) in a weak
Hopf algebra H is called non-degenerate if it deﬁnes a non-degenerate
functional on Hn: A left integral ‘ is called normalized if etð‘Þ ¼ 1: Similarly,
r 2 R r
H
is normalized if esðrÞ ¼ 1:
Any left integral l 2 R l
Hn
satisﬁes the following invariance property:
gð1Þhl; hgð2Þi ¼ Sðhð1ÞÞhl; hð2Þgi; g; h 2 H: ð16Þ
STRUCTURE OF WEAK HOPF ALGEBRAS 263Similarly, a right integral r 2 R r
Hn
satisﬁes
hr; gð1Þhigð2Þ ¼ hr; ghð1ÞiSðhð2ÞÞ; g; h 2 H: ð17Þ
It was shown by Vecsernyes [22] that a ﬁnite dimensional weak Hopf
algebra always possesses a non-degenerate left integral. In particular,
a ﬁnite dimensional weak Hopf algebra is a Frobenius algebra (this
extends the well-known result of Larson and Sweedler for usual Hopf
algebras [9]).
Maschke’s theorem for weak Hopf algebras, proved in [1, 3.13] states
that a weak Hopf algebra H is semisimple if and only if H is separable,
and if and only if there exists a normalized left integral in H: In particular,
every semisimple weak Hopf algebra is ﬁnite dimensional. Note that since
etð
R l
H
Þ  ZðHÞ \ Ht; it follows that H is semisimple if and only if
there exists ‘ 2 R l
H
such that etð‘Þpa0 for all primitive idempotents p 2
ZðHÞ \ Ht:
For a ﬁnite dimensional H there is a useful notion of duality between non-
degenerate left integrals in H and Hn [1, 3.18]. If ‘ 2 R l
H
is a non-degenerate
left integral and l 2 Hn is such that l* ‘ ¼ 1; then such l is unique, and it
is a non-degenerate left integral in Hn: Moreover, ‘ * l ¼ E: Such a pair of
non-degenerate integrals ð‘; lÞ is called a pair of dual integrals.
3. MINIMAL WEAK HOPF ALGEBRAS
Here we classify all weak Hopf algebras generated by their bases. These
are probably the most trivial (although in general non-commutative and
non-cocommutative) weak Hopf algebras, as every weak Hopf algebra
contains a weak Hopf subalgebra with this property.
Let H be a weak Hopf algebra. Observe that a subalgebra Hmin :¼ HtHs is
a ﬁnite dimensional weak Hopf subalgebra of H (this follows from the fact
that bases are ﬁnite dimensional and commute with each other). Moreover,
since Ht and Hs are generated by the tensor factors in the shortest possible
representation of Dð1Þ; Hmin is the minimal weak Hopf subalgebra of H
containing 1.
Definition 3.1. A weak Hopf algebra is called minimal if it has no
proper weak Hopf subalgebras.
Remark 3.2. The only minimal usual Hopf algebra is k1:
We have
Hmin ﬃ Ht Ht\Hs Hs ﬃ Ht Ht\Hs Hopt ;
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where Ht \ HsDZðHtÞ \ ZðHsÞ:
Recall that for an algebra A an element E 2 A  A is called a separability
element if ða  1ÞE ¼ Eð1 aÞ for all a 2 A and mðEÞ ¼ 1; where m is the
product in A: An algebra A for which there exists such an element is called
separable; it is a standard fact in the theory of associative algebras that a
separable algebra over a ﬁeld is ﬁnite dimensional and semisimple.
A separability element E is two-sided if, in addition, Eða  1Þ ¼ ð1 aÞE:
If a two-sided separability element exists, it is unique.
Remark 3.3. Note that Hmin is a separable algebra with a separability
element E ¼ 1ð1ÞSð10ð1ÞÞ  Sð1ð2ÞÞ10ð2Þ (here 10 stands for another copy of 1).
In particular, any minimal weak Hopf algebra is semisimple.
For the rest of this section, we assume that k is an algebraically closed
ﬁeld of characteristic 0: The next proposition gives an explicit description
and complete classiﬁcation of minimal weak Hopf algebras over k:
Proposition 3.4. Every minimal weak Hopf algebra H is completely
determined by the following data: ðB;A; gÞ; where B is a finite dimensional
semisimple algebra, ADZðBÞ is a commutative subalgebra, and g 2 B is an
invertible element such that TrðpðgÞÞ ¼ deg p for any irreducible representa-
tion p of B, as follows.
As an algebra, H ﬃ B A Bop; i.e., H is generated by the elements b 2 B;
%c 2 Bop (where c/%c is the canonical algebra anti-isomorphism from B to Bop)
and relations b%c ¼ %cb; a ¼ %a; a 2 A: The coalgebra structure is given by
Dðb%cÞ ¼ bðgeð1ÞÞ  eð2Þ %c; ð18Þ
Eðb%cÞ ¼ Trregðg1cbÞ; ð19Þ
where e ¼ eð1Þ  eð2Þ is the unique 2-sided separability element of B and Trreg is
the trace of the regular representation of B, and the antipode is given by
Sðb%cÞ ¼ g1cg %b: ð20Þ
Minimal weak Hopf algebras defined by ðB;A; gÞ and ðB0;A0; g0Þ are
isomorphic if and only if there exists an algebra isomorphism t : B ! B0 such
that tðAÞ ¼ A0 and tðgÞ ¼ g0:
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B A Bop as algebras (where Bop ﬃ Hs). We identify the map b/ %b with the
antipode map of H restricted to Ht:
It can be easily deduced from the axioms of a weak Hopf algebra that for
all b; c 2 B we have EðbcÞ ¼ EðcS2ðbÞÞ and that EjB is non-degenerate.
Therefore, there exists an invertible element g 2 B such that EðbÞ ¼
Trregðg1bÞ: Hence, S2ðbÞ ¼ g1bg and Sðb%cÞ ¼ S2ðcÞSðbÞ ¼ g1cg %b: Since
etjHs ¼ SjHs ; we have
Eðb%cÞ ¼ EðbSðcÞÞ ¼ EðbS2ðcÞÞ ¼ Eðbg1cgÞ ¼ Trregðg1cbÞ:
Since Sð1ð1ÞÞ  1ð2Þ is a separability element of B; we have
Sð1ð1ÞÞ  1ð2Þ ¼ eð1Þ  heð2Þ;
where h 2 B is such that eð1Þheð2Þ ¼ 1; i.e., TrregðpðhÞÞ ¼ deg p for any
irreducible representation p of B: The counit and antipode properties imply
that h ¼ g; since
1 ¼ 1ð1ÞEð1ð2ÞÞ ¼ S1ðeð1ÞÞTrðg1heð2ÞÞ ¼ S1ðg1hÞ:
We compute
Dð1Þ ¼S1ðeð1ÞÞ  geð2Þ ¼ SðS2ðeð1ÞÞÞ  geð2Þ
¼Sðgeð1Þg1Þ  geð2Þ ¼ ðgeð1Þg1Þ  geð2Þ ¼ ðgeð1ÞÞ  eð2Þ:
The comultiplication on bases is determined by the value of Dð1Þ; therefore
Dðb%cÞ ¼ bðgeð1ÞÞ  eð2Þ %c; b 2 B; %c 2 Bop;
which completely deﬁnes the structure of H: One can check that the above
operations indeed deﬁne a weak Hopf algebra.
Let H 0 be the minimal weak Hopf algebra deﬁned by ðB0;A0; g0Þ and
t : H ! H 0 be an isomorphism of weak Hopf algebras. Then
tðBÞ ¼ B0 and tðAÞ ¼ tðHt \ HsÞ ¼ H 0t \ H 0s ¼ A0:
Since t preserves the regular trace of Ht and E we have tðgÞ ¼ tðg0Þ: ]
Remark 3.5. Examples of minimal weak Hopf algebra structures on the
algebra B k Bop appeared in [1, Appendix].
We will denote the minimal weak Hopf algebra deﬁned by the data
ðB;A; gÞ by HminðB;A; gÞ:
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(i) The square of the antipode of HminðB;A; gÞ is given by the adjoint
action of g1SðgÞ: In particular, in any weak Hopf algebra with
commutative bases, S2 is trivial on the minimal weak Hopf subalgebra.
(ii) For any given A and B as above, HminðB;A; 1Þ is a unique, up to an
isomorphism, minimal weak Hopf algebra, for which Ht ﬃ B; Ht \ Hs ﬃ A;
and S2 ¼ id:
(iii) For any minimal idempotent p 2 A; the space pHminðB;A; gÞ is a
simple subcoalgebra of HminðB;A; gÞ; in particular, any minimal weak Hopf
algebra is cosemisimple. Duals of weak Hopf algebras HminðB; k1; 1Þ; which
are simple as algebras, were considered in [13].
Remark 3.7. Let us explain that every weak Hopf algebra is a
deformation of a weak Hopf algebra H with the property that
S2 ¼ id on the minimal weak Hopf subalgebra Hmin of H: ð21Þ
Explicitly, if H is a weak Hopf algebra and q 2 Ht is an invertible element
such that S2ðqÞ ¼ q and Sð1ð1ÞÞq1ð2Þ ¼ 1 then there is a deformation weak
Hopf algebra Hq with the underlying algebra H and the structure operations
D0ðhÞ ¼ DðhÞð1 qÞ; E0ðhÞ ¼ Eðhq1Þ and S0ðhÞ ¼ q1SðhÞq; h 2 H:
This deformation can be understood in terms of twisting, cf. [16, 6.1.4]. In
particular, if the minimal weak Hopf subalgebra of H is HminðHt;Ht \
Hs; gÞ; then Hg1 has property (21). Thus, problems regarding general weak
Hopf algebras can be translated to problems regarding those with the
regularity property (21).
Note that if H satisﬁes (21) then so does Hn: This appears to be a natural
property, since it is satisﬁed by dynamical quantum groups [4] and weak
Hopf algebras arising as symmetries of Jones–von Neumann subfactors
[14, 15].
The next corollary shows that, in contrast with usual semisimple Hopf
algebras (cf. [20]), there can be inﬁnitely (even uncountably) many non-
isomorphic semisimple weak Hopf algebras with the same algebra structure.
Corollary 3.8. Let B be a non-commutative finite dimensional semi-
simple algebra and g1; g2 2 B be invertible elements with different spectra
satisfying the assumption of Proposition 3.4. Then weak Hopf algebras
HminðB; k1; g1Þ and HminðB; k1; g2Þ are not isomorphic.
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Conjecture 3.9. The number of non-isomorphic semisimple weak
Hopf algebras H with property (21) is ﬁnite in any given dimension, cf. [20].
4. GROUP-LIKE ELEMENTS IN A WEAK HOPF ALGEBRA
Definition and properties: Let H be a weak Hopf algebra. The notion of a
group-like element in a weak Hopf algebra was introduced in [1].
Definition 4.1. An element g 2 H is said to be group-like if it is
invertible and satisﬁes
DðgÞ ¼ ðg  gÞDð1Þ and DðgÞ ¼ Dð1Þðg  gÞ: ð22Þ
Group-like elements of H form a group which we will denote by GðHÞ:
Lemma 4.2. For any g 2 GðHÞ we have etðgÞ ¼ esðgÞ ¼ 1 and the element
SðgÞ ¼ g1 is group-like.
Proof. The identities for counital maps follow from applying E to (22).
That SðgÞ ¼ g1 follows from the uniqueness of the inverse element and
antipode. ]
Lemma 4.3. If H is finite dimensional, then g 2 GðHnÞ if and only if it is
invertible and satisfies the following two conditions:
hg; hgi ¼ hg; h1ð1Þihg;Sð1ð2ÞÞgi; ð23Þ
hg; hgi ¼ hg; hSð1ð1ÞÞihg; 1ð2Þgi: ð24Þ
for all h; g 2 H:
Proof. This is a straightforward dualization of (22). Equation (23)
is equivalent to DðgÞ ¼ ðg gÞDðEÞ and Eq. (24) is equivalent to
DðgÞ ¼ DðEÞðg gÞ: ]
Remark 4.4. If H is an ordinary Hopf algebra, then the notion of a
group-like element coincides with the usual one (cf. [10, 21]).
Proposition 4.5. Any group-like element in a minimal weak Hopf
algebra Hmin has the form g ¼ SðyÞy1; where y 2 Hs is such that S2ðyÞ ¼ y:
DMITRI NIKSHYCH268Proof. Without loss of generality, we may assume that Ht \ Hs ¼ k1; as
every minimal weak Hopf algebra is a direct sum of weak Hopf algebras
with this property. Let g ¼Pni¼1 yizi be a group-like element in Hmin; where
fyig  Hs and fzig  Ht are linearly independent sets. We may assume that
each yi is invertible. Then
Xn
i¼1
ðzi  yiÞDð1Þ ¼DðgÞ ¼ ðg  gÞDð1Þ
¼
Xn
i;j¼1
ðyizi  yjzjÞDð1Þ
¼
Xn
i;j¼1
ðzi  yjzjS1ðyiÞÞDð1Þ;
where we used the identity ðSðzÞ  1ÞDð1Þ ¼ ð1 zÞDð1Þ for z 2 Ht that
follows easily from weak Hopf algebra axioms. Note that for any set of
linearly independent elements ftigni¼1  Hs and non-zero elements fxigni¼1 
Ht the elements ftixigni¼1  Hmin are linearly independent by Proposition 3.4
(a similar result with Hs and Ht interchanged is also true). Using this
observation we obtain yi ¼ ð
Pn
j¼1 yjzjÞS1ðyiÞ: Therefore, n ¼ 1 and g ¼
y1S
1ðy1Þ1: It is straightforward to check that this g satisﬁes the second
equality of (22) if and only if S2ðy1Þ ¼ y1: ]
Definition 4.6. Group-like elements of H that belong to Hmin are
called trivial group-like elements.
Group-like elements give rise to weak Hopf algebra automorphisms.
Proposition 4.7. If g 2 H is a group-like element, then the map
h/ghg1; where h 2 H; is a weak Hopf algebra automorphism. If g 2 Hn
is a group-like element, then the map h/ðg* h ( g1Þ is a weak
Hopf algebra automorphism.
Proof. A direct computation. ]
Proposition 4.8. If x 2 Hns is invertible and y ¼ ðx1 * 1Þ 2 Hs then
ðSðxÞx1Þ* h ( ðSðxÞ1xÞ ¼ SðyÞy1hSðyÞ1y: ð25Þ
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that
ðSðxÞx1Þ* h ( ðSðxÞ1xÞ
¼ ðSðxÞ* 1Þð1( SðxÞ1Þhðx1 * 1Þð1( xÞ
¼ ðx1 * 1Þ1Sðx1 * 1ÞhSðx1 * 1Þ1ðx1 * 1Þ;
for all x 2 Hns : ]
Definition 4.9. We will call a weak Hopf algebra automorphism of H
trivial if it is deﬁned by (25).
Trivial weak Hopf algebra automorphisms of H form a normal subgroup
Aut0ðHÞ of the group AutðHÞ of all weak Hopf algebra automorphisms of
H: Let gAutðHÞ denote the corresponding quotient group.
The group of group-like elements: Let us denote
G1ðHÞ :¼ fg j DðgÞ ¼ ðg  gÞDð1Þg=f0g; ð26Þ
G2ðHÞ :¼ fg j DðgÞ ¼ Dð1Þðg  gÞg=f0g; ð27Þ
then the group GðHÞ of group-like elements of H consists of invertible
elements of G1ðHÞ \ G2ðHÞ:
The group G0ðHÞ of all trivial group-like elements is a normal subgroup
in GðHÞ: Deﬁne *GðHÞ ¼ GðHÞ=G0ðHÞ; the quotient group of GðHÞ by
G0ðHÞ: Let g/ *g denote the canonical projection from GðHÞ to *GðHÞ:
It turns out that *GðHÞ plays a more important role than GðHÞ; as it
possesses properties extending those of the group of group-like elements of a
usual Hopf algebra.
Remark 4.10. We have G0ðHÞ ¼ f1g if and only if the bases of H
coincide.
Remark 4.11. For any g 2 GðHÞ the map x/gx is an isomorphism
between cosemisimple coalgebras Hmin ¼ HtHs and Hg :¼ gHmin: For g; h 2
GðHÞ we have Hg ¼ Hh if and only if *g ¼ *h in *GðHÞ:
Corollary 4.12. If H is finite dimensional then *GðHÞ is finite.
Proof. By the previous remark, to every g 2 GðHÞ there corresponds a
cosemisimple subcoalgebra Hg of CoradðHÞ; the coradical of H; and Hg ¼
Hh if and only if g and h deﬁne the same coset. But there are only ﬁnitely
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quotient group is necessarily ﬁnite. ]
Modules associated with group-like elements: In the case of a usual Hopf
algebra H; the group-like elements of Hn are precisely the homomorphisms
from H to the ground ﬁeld k (i.e., H-module structures on k). In this
subsection we present an analogous correspondence for weak Hopf
algebras.
Let H be a ﬁnite dimensional weak Hopf algebra. For every g 2 G1ðHnÞ
we deﬁne a linear map egs : H ! Hs by setting
egsðhÞ :¼ hg; h1ð1ÞiSð1ð2ÞÞ: ð28Þ
Similarly, for every g 2 G2ðHnÞ we deﬁne a linear map egt : H ! Ht by
egt ðhÞ :¼ Sð1ð1ÞÞhg; 1ð2Þhi; h 2 H: ð29Þ
It follows from Lemma 4.2 that egs and e
g
t are projections, i.e., e
g
s 8 e
g
s ¼ egs
and egt 8 e
g
t ¼ egt : These projections are generalizations of counital maps, since
we have eEt ¼ et and eEs ¼ es:
Lemma 4.13. For every g 2 G1ðHnÞ the source counital subalgebra Hs
becomes a right H-module via
y  h :¼ egsðyhÞ; y 2 Hs; h 2 H: ð30Þ
Similarly, for every g 2 G2ðHnÞ the target counital subalgebra Hs becomes a
left H-module via
h  z :¼ egt ðhzÞ; z 2 Ht; h 2 H: ð31Þ
Proof. We will only prove the ﬁrst statement since the proof of the
second one is completely similar. We have
y  1 ¼ hg; y1ð1ÞiSð1ð2ÞÞ ¼ Eðy1ð1ÞÞSð1ð2ÞÞ ¼ y;
for all y 2 Hs; using Lemma 4.2 and properties of the counit. Also, for all
g; h 2 H we compute, using Lemma 4.3:
ðy  gÞ  h ¼hg; yg1ð1ÞiðSð1ð2ÞÞ  hÞ
¼ hg; yg1ð1Þih g; Sð1ð2ÞÞh10ð1Þ iSð10ð2ÞÞ
¼ hg; ygh10ð1ÞiSð10ð2ÞÞ ¼ y  ðghÞ;
where 10 stands for the second copy of 1. ]
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g
t ) the right (resp. left) H-module from
Lemma 4.13.
Proposition 4.14. The correspondence g/Hgs is a bijection between
G1ðHnÞ and the set of all right H-module structures on Hs that restrict to
the regular Hs-module. Moreover, if g1; g2 2 G1ðHnÞ; then Hg1s ﬃ Hg2s if and
only if g2 ¼ g1SðxÞx1 for some x 2 Hns :
There is a also a similar bijection between G2ðHnÞ and the set of all right H-
module structures on Ht that restrict to the regular Ht-module.
Analogous statements also hold for left H-modules.
Proof. If Hs has a structure of a right H-module via y  h/y  h; such
that its restricted Hs-module is the regular Hs-module, then the functional
g : h/Eð1  hÞ; h 2 H ð32Þ
belongs to G1ðHnÞ by Lemma 4.3, since
hg; hgi ¼ Eðð1  hÞ  gÞ ¼ Eðð1  hÞ1ð1ÞÞEðSð1ð2ÞÞ  gÞ ¼ hg; h1ð1Þihg;Sð1ð2ÞÞgi;
for all h; g 2 H: Clearly, formulas (30) and (32) establish a bijective
correspondence.
Next, H
g1
s and H
g2
s are isomorphic if and only if there is an invertible
element v 2 Hs such that
vSð1ð2ÞÞhg1; h1ð1Þi ¼ Sð1ð2ÞÞhg2; hv1ð1Þi;
for all h 2 H: This is equivalent to
g2 ¼ S2ðvÞ* g1 ( v1 ¼ g1ðS1ðvÞ* EÞðE( v1Þ;
i.e., g2 ¼ g1SðxÞx1; where x ¼ S1ðv1Þ* E 2 Hns : Hence, *g1 ¼ *g2 in
*GðHnÞ: Conversely, if g2 ¼ g1SðxÞx1 for some x 2 Hns ; then the map
y/vy; where v ¼ Sðx1Þ* 1 2 Hs; is an isomorphism between Hg1s
and H
g2
s :
In a similar way one can show that if z  h/z 8 h is a right H-module
structure on Ht that restricts to the regular Ht-module, then
g : h/Eð1 8 hÞ; h 2 H ð33Þ
deﬁnes an element of G2ðHÞ: This correspondence is also bijective and H-
modules corresponding to g1; g2 are isomorphic if and only if g2 ¼ g1SðzÞz1
for some z 2 Hnt : ]
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Hs and Ht described in Proposition 4.14 with actions of H denoted by  and
8; respectively. Let g and g
0 be the corresponding elements of G1ðHnÞ and
G2ðHnÞ; respectively:
hg; hi ¼ Eð1  hÞ; hg0; hi ¼ Eð1 8 hÞ; h 2 H:
If Eð1  hÞ ¼ Eð1 8 hÞ for all h 2 H; then g ¼ g0 is a group-like element in Hn:
Indeed, by Proposition 4.14 it satisﬁes both conditions of (22). Note that
esðgÞ ¼ E since
hesðgÞ; hi ¼ Eð1  esðhÞÞ ¼ EðhÞ; h 2 H;
and, therefore, SðgÞg ¼ esðgÞ ¼ E; i.e., g is invertible.
The next proposition describes the space of self-intertwiners of Hgs ;
g 2 GðHnÞ:
Proposition 4.16. The map T/Tð1Þ is an isomorphism between the
algebras EndðHgs ÞH and ZðHÞ \ Hs: These algebras are also isomorphic to
Hnt \ Hns :
Proof. Since Hgs restricts to the right regular Hs-module, every self-
intertwiner of Hgs is of the form y/Tð1Þy: The condition that T 8 h ¼ h 8T
in EndðHgs ÞH for all h is equivalent to
hg; hS2ðTð1ÞÞi ¼ hg;Tð1Þhi for all h 2 H:
This, in turn, is equivalent to the identity
Tð1Þ* E ¼ E( Tð1Þ:
This means that E( Tð1Þ 2 Hnt \ Hns : Observe that z/ðz* 1Þ is an
algebra isomorphism between Hnt \ Hns and ZðHÞ \ Hs that maps E( Tð1Þ
to Tð1Þ: Clearly, T/Tð1Þ is an algebra isomorphism. ]
5. THE RADFORD FORMULA FOR s4
Let H be a ﬁnite dimensional weak Hopf algebra such that S2jHmin ¼ id;
and let ‘ be a non-degenerate left integral in H:
Distinguished group-like elements: We use the idea of Radford [19] to
deﬁne a canonical coset of group-like elements in the quotient group
*GðHÞ ¼ GðHÞ=G0ðHÞ:
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for the right Hs-module (respectively, Ht-module)
R l
H
; where Hs (respectively,
Ht) acts by the right multiplication. That is, every left integral in H can be
uniquely written as ‘y with y 2 Hs (respectively, as ‘z with z 2 Ht).
Proof. The map x/ðx* 1Þ is a linear isomorphism between Hns and
Hs: For all non-zero x 2 Hns we have 0ax* ‘ ¼ ‘ðx* 1Þ; whence for all
y 2 Hs we have ‘y ¼ 0 if and only if y ¼ 0; i.e., ‘ is separating. It is cyclic
since dimk
R l
H
¼ dimkHs by B .ohm et al. [1, 3.16]. The proof of the statement
regarding Ht is similar and uses that ‘ ( x ¼ ‘ð1( xÞ for all x 2 Hns : ]
By Lemma 5.1, any non-degenerate ‘ 2 R l
H
gives rise to a right H-module
structures on Hs and Ht given by
‘yh ¼ ‘ðy  hÞ and ‘zh ¼ ‘ðz 8 hÞ ð34Þ
for all y 2 Hs; z 2 Ht; and h 2 H: These modules are well-deﬁned and
restrict to the regular Hs- and Ht-modules.
Lemma 5.2. We have Eð1  hÞ ¼ Eð1 8 hÞ for all h 2 H:
Proof. What we need to show is that the equality ‘y ¼ ‘z for y 2 Hs and
z 2 Ht implies that EðyÞ ¼ EðzÞ:
By Lemma 5.1 there exists a unique well-deﬁned linear map T : Ht ! Hs
such that ‘TðzÞ ¼ ‘z for all z 2 Ht: Clearly, T is an algebra anti-
homomorphism and the composition ST is an automorphism of Ht: Since
EjHt ¼ Trreg when S2jHmin ¼ id by Proposition 3.4, we have EðTðzÞÞ ¼
EðSTðzÞÞ ¼ EðzÞ; because any automorphism of a semisimple algebra
preserves the regular trace. ]
Corollary 5.3. The above modules associated to any non-degenerate
‘ 2 R l
H
canonically define a group-like element g‘ 2 GðHnÞ:
Proof. Follows from Remark 4.15 and Lemma 5.2. ]
Let us denote by W‘ the right H-module structure on Hs corresponding
to ‘:
Lemma 5.4. Let ‘0 be another non-degenerate left integral in H and
gl0 2 GðHnÞ be the corresponding group-like element as above. Then
*g‘ ¼ *g‘0 in *GðHnÞ; i.e., g‘ and g‘0 define the same coset in GðHnÞ:
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invertible v 2 Hs; and the action . of H on W‘0 is related to the action  of H
on W‘ by y .h ¼ v1ðvy  hÞ for all y 2 Hs: This means that right H-modules
W‘0 and W‘ are isomorphic via y/vy: Therefore, by Proposition 4.14,
the corresponding group-like elements g and g0 deﬁne the same coset
in GðHnÞ: ]
Corollary 5.5. Let H be a finite dimensional weak Hopf algebra. There
is a canonically defined element *a in *GðHÞ such that W‘ ﬃ Has for any non-
degenerate integral ‘ 2 R l
H
and any representative a of the coset *a:
Definition 5.6. We will call *a the canonical coset of group-like elements
and any representative a of this coset a canonical group-like element.
Dual pairs of non-degenerate integrals. Recall from Section 2 that left
integrals ‘ 2 R l
H
and l 2 R l
Hn
are dual to each other if l* ‘ ¼ 1; in which
case they are both non-degenerate and also satisfy ‘ * l ¼ E (this was
shown in [1, 3.18]).
It turns out that such pairs are closely related to distinguished group-like
elements in H and Hn: In this subsection we study this connection, following
[19].
Recall the projections egs and e
g
t from (28) and (29). For all g 2 GðHnÞ deﬁne
Lg :¼fh 2 H j gh ¼ egt ðgÞh for all g 2 Hg;
Rg :¼fh 2 H j hg ¼ hegsðgÞ for all g 2 Hg:
Also, for all g 2 GðHÞ deﬁne
Lg :¼ff 2 Hn jcf ¼ egt ðcÞf for all c 2 Hng;
Rg :¼ff 2 Hn jfc ¼ fegs ðcÞ for all c 2 Hng:
Clearly, Lg;Rg are subspaces of H
n and Lg;Rg are subspaces of H: Note
that L1 ¼
R l
Hn
; R1 ¼
R r
Hn
and LE ¼
R l
H
; RE ¼
R r
H
:
Remark 5.7. By Corollary 5.5, every non-degenerate ‘ 2 R l
H
belongs to
some Ra and also every non-degenerate r 2
R r
H
belongs to La; where a is a
distinguished group-like element in GðHnÞ: Similarly, every non-degenerate
l 2 R l
Hn
belongs to some Ra and every non-degenerate r 2
R r
Hn
belongs to La;
where a is a distinguished group-like element in GðHÞ:
Proposition 5.8. Let g; h 2 GðHÞ: The map f/ðh * fÞ is a linear
isomorphism between Lg and Lgh1 :
STRUCTURE OF WEAK HOPF ALGEBRAS 275Proof. Take f 2 Lg;c 2 Hn and compute
cðh * fÞ ¼ h * ððh1 * cÞfÞ
¼ h * ðegt ðh1 * cÞfÞ
¼ egt ðh1 * cÞðh * fÞ
¼SðEð1ÞÞhEð2Þcð1Þ; gihcð2Þ; h1iðh * fÞ
¼SðEð1ÞÞhEð2Þc; gh1iðh * fÞ
¼ egh1t ðcÞðh * fÞ:
Here we used the deﬁnition of egt and that DðzÞ ¼ Eð1Þz Eð2Þ for all z 2 Hnt :
Thus, ðh * fÞ 2 Lgh1 ; which proves the claim. ]
Let ‘ be a left non-degenerate integral in H and l be the dual left integral
in Hn: Then Sð‘Þ is a right integral in H; i.e., Sð‘Þ 2 RE: By Remark 5.7 we
also have Sð‘Þ 2 La; where a is a distinguished group-like element in GðHnÞ:
By Proposition 5.8 we have a1 * Sð‘Þ 2 LE; therefore Sð‘Þ ¼ a* ð‘y‘Þ for
some y‘ 2 Hs: Below we show that y‘ ¼ 1:
The following Lemma was proved in [19, 2.2] for ordinary Hopf algebras.
It is valid for weak Hopf algebras as well, we give a proof for the sake of
completeness.
Lemma 5.9. Let ‘; l be a dual pair of integrals as above. Then for all
f 2 Hn we have
SðfÞ ¼ ð‘ ( fÞ* l: ð35Þ
Proof. We compute, using the invariance property (16) of left integrals:
ð‘ ( fÞ* l ¼hfð1Þ; ‘ð1Þi‘ð2Þ * l
¼ lð1Þhflð2Þ; ‘i
¼Sðfð1ÞÞhfð2Þl; ‘i
¼Sðfð1ÞÞhfð2Þ; l* ‘i
¼SðfÞ;
for all f 2 Hn: ]
Lemma 5.10. We have y‘ ¼ 1:
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deﬁnition of y‘: On the other hand,
Sð‘Þ ¼ ðl( ‘Þ* ‘
by Lemma 5.9. Since ‘ is non-degenerate, we have
y‘ * a ¼ l( ‘: ð36Þ
Applying the target counital map to the both sides of the last identity we get
etðl( ‘Þ ¼ hlð1Þ; ‘ietðlð2ÞÞ ¼ hEð1Þl; ‘iEð2Þ ¼ E;
etðy‘ * aÞ ¼ etðaðy‘ * EÞÞ ¼ aSðy‘ * EÞa1;
therefore y‘ * E ¼ E; i.e., y‘ ¼ 1: ]
Corollary 5.11. For any pair of left integrals ‘ and l such that
‘ * l ¼ E and l* ‘ ¼ 1 there exist distinguished group-like elements
a 2 GðHnÞ and a 2 GðHÞ such that
l( ‘ ¼ a and ‘ ( l ¼ a: ð37Þ
Furthermore, Sð‘Þ ¼ a* ‘ and SðlÞ ¼ a * l:
Proof. The statements concerning a follow from (36) in the proof of
Lemma 5.10 and those concerning a follow by duality. ]
Formula for S4: We extend the argument of Radford [19, Sect. 3] to
establish a formula for the fourth power of the antipode in terms of
distinguished group-like elements. We keep notation of the previous
subsection. Let a and a be distinguished group-like elements from
Corollary 5.11.
Deﬁne linear isomorphisms ‘L; ‘R : H
n ! H and lL; lR : H ! Hn by
‘LðfÞ ¼f* ‘; lLðhÞ ¼ h * l;
‘RðfÞ ¼ ‘ ( f; lRðhÞ ¼ l( h;
for all f 2 Hn and h 2 H:
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‘L 8 lRðhÞ ¼SðhÞ;
‘L 8 lLðhÞ ¼S1ða* hÞ;
‘R 8 lRðhÞ ¼S1ða1hÞ;
‘R 8 lLðhÞ ¼Sððh ( aÞa1Þ;
for all h 2 H:
Proof. We establish these relations by a series of direct computations
that use the invariant properties of integrals and Corollary 5.11:
‘L 8 lRðhÞ ¼ hlð1Þ; hi‘Lðlð1ÞÞ
¼ ‘ð1Þhl; h‘ð2Þi
¼Sðhð1ÞÞhl; hð2Þ‘i ¼ SðhÞ;
‘L 8 lLðhÞ ¼ ‘ð1Þhl; ‘ð2Þhi
¼S1ðhð1ÞÞhl; ‘hð2Þi
¼S1ðhð1ÞÞha; hð2Þi ¼ S1ða* hÞ;
‘R 8 lRðhÞ ¼ hl; h‘ð1Þi‘ð2Þ
¼ ha1 * SðlÞ; h‘ð1Þi‘ð2Þ
¼ hSðlÞ; h‘ð1Þa1ið‘ð2Þa1Þa
¼hSðlÞ; hð1Þ‘a1iS1ðhð2ÞÞa
¼hl; hð1Þ‘iS1ðhð2ÞÞa
¼S1ðhÞa ¼ S1ða1hÞ;
‘R 8 lLðhÞ ¼ hl; ‘ð1Þhi‘ð2Þ
¼ ha1 * SðlÞ; ‘ð1Þhi‘ð2Þ
¼ hSðlÞ; ‘ð1Þha1i‘ð2Þ
¼ hSðlÞ; ‘hð1Þa1iSðhð2Þa1Þ
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¼ ha; hð1ÞiSðhð2Þa1Þ ¼ Sððh ( aÞa1Þ;
for all h 2 H: ]
Theorem 5.13. For all h 2 H we have
S4ðhÞ ¼ a1ða* h ( a1Þa ð38Þ
for some distinguished group-like elements a 2 GðHÞ and a 2 GðHnÞ:
Proof. From Proposition 5.12 we deduce
‘L 8 lLðS2ðhÞÞ ¼S1ða* ðS2ðhÞÞ
¼Sðhð1ÞÞha;S2ðhð2ÞÞi
¼Sða* hÞ
¼ ‘L 8 lRða* hÞ;
‘R 8 lRðS2ðhÞÞ ¼S1ða1S2ðhÞÞ
¼Sða1hÞ
¼Sððg ( aÞa1Þ
¼ ‘R 8 lLðgÞ;
for all h 2 H; where g ¼ ða1haÞ( a1: Since the maps ‘L and ‘R are
bijective, it follows that
lLðS2ðhÞÞ ¼ lRða* hÞ and lRðS2ðhÞÞ ¼ lLðða1haÞ( a1Þ: ð39Þ
Combining these identities we get
lLðS4ðhÞÞ ¼ lRða* S2ðhÞÞ
¼ lRðS2ða* hÞÞ
¼ lLðða1ða* hÞaÞ( a1Þ:
Replacing h by h ( a1 we get the desired formula. ]
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a deformation Hg of H for which the antipode satisﬁes
S02ðhÞ ¼ g1SðgÞS2ðhÞgSðgÞ1; h 2 H;
and S02jHmin ¼ id; where g 2 Ht; S2ðgÞ ¼ g: Therefore, Theorem 5.13 is valid
for any ﬁnite dimensional weak Hopf algebras, without any restriction
on S2jHmin :
Corollary 5.15. For any finite dimensional weak Hopf algebra there
exists an integer n51 such that S4n is a trivial weak Hopf algebra
automorphism of H. In other words, S2 has a finite order modulo a trivial
automorphism.
Proof. By the previous remark we may assume that S2jHmin ¼ id: Since
any weak Hopf algebra automorphism of H preserves the class of
distinguished group-like elements, one can see that weak Hopf algebra
automorphisms
h/ða1ða* h ( a1ÞaÞ and h/ða* ða1haÞ( a1Þ ð40Þ
differ by a trivial automorphism, i.e., Ada1 and Ad
n
a commute in
gAutðHÞ:
Since both a and a have ﬁnite order modulo trivial group-like elements, the
claim follows. ]
Corollary 5.16. If bases of H coincide, or if bases of Hn coincide (i.e.,
Ht ¼ Hs; or Hnt ¼ Hns ), then *GðHÞ ¼ GðHÞ and the antipode S has finite
order.
Proof. Under the given assumption, all trivial group-like elements are
equal to the identity element 1. ]
Remark 5.17. In the special case when both H and Hn have non-
degenerate 2-sided integrals, it was shown in [1, 3.23] that S4 is a trivial
automorphism of H: This result also follows from Theorem 5.13 above since
in this case distinguished group-like elements of H and Hn are trivial.
6. TRACE FORMULA AND SEMISIMPLICITY
Let k be an algebraically closed ﬁeld of characteristic 0.
Formula for TrðS2Þ: In this section we derive a weak Hopf algebra
analogue of the Larson–Radford formula for TrðS2Þ [8]. As in the case of
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with the semisimplicity of the corresponding weak Hopf algebra and its
dual.
It follows from (16) that for a non-degenerate integral ‘ of H with the
dual integral l; the element ð‘ð2Þ * lÞ  S1ð‘ð1ÞÞ 2 Hn  H is the dual
bases tensor. This implies that for every T 2 Endk H we have
TrðTÞ ¼ hl;TðS1ð‘ð1ÞÞÞ‘ð2ÞÞ: ð41Þ
In particular, for T ¼ S2; we get the following analogue of [8, Theorem
2.5(a)], with counits replaced by counital maps.
Proposition 6.1. In any finite dimensional H we have
TrðS2Þ ¼ hesðlÞ; esð‘Þi: ð42Þ
Proof. Follows from (41) for T ¼ S2: ]
Remark 6.2. When H is a ﬁnite dimensional Hopf algebra, an
immediate consequence of the above formula is that H and Hn both are
semisimple if and only if TrðS2Þa0 [8, Theorem 2.5(b)]. Note that the
situation is more complicated for weak Hopf algebras, since one can have
esð‘Þ ¼ 0 while etð‘Þa0:
Recall from Proposition 4.16 that for any weak Hopf algebra H the
algebras Hs \ ZðHÞ and Hns \ Hnt are isomorphic via y/ðy * EÞ:
Definition 6.3. If Hs \ ZðHÞ ¼ k1; or, equivalently, Hns \ Hnt ¼ kE; we
say that H is connected. If both H and Hn are connected, we say that H is
biconnected.
Below we always assume that S2jHmin ¼ id:
Proposition 6.4. Let I be the set of primitive idempotents of Hs \ ZðHÞ:
If TrðS2jpHÞa0 for all p 2 I ; then H is semisimple.
Proof. Fix a non-degenerate left integral ‘ of H: Using the dual bases
tensor (41) we see that TrðS2jpHÞa0 implies that yp ¼ pesð‘Þa0:
Let a be a group-like element of Hn such that Sð‘Þ ¼ a* ‘: Such an a
exists by Corollary 5.11 and depends on ‘: Using the deﬁnition of integrals
we compute:
yp‘ ¼ SðypÞ‘ ¼ Sðesð‘ÞÞ‘p ¼ etðSð‘ÞÞ‘p ¼ Sð‘Þ‘p ¼ Sð‘Þyp;
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yp‘ ¼ ða* ‘Þyp for all p 2 I : ð43Þ
Let p ¼ p * 1 2 Hns \ Hnt and let xp 2 pHnt be such that yp ¼ xp * 1: For
all h 2 H we have yh ¼ xp * h and hy ¼ S1ðxpÞ* h: Due to this
observation and non-degeneracy of ‘; we can rewrite Eq. (43) as
xp ¼ S1ðxpÞa: ð44Þ
By Remark 3.6(iii), Hnmin ¼ Hnt Hns is a cosemisimple subcoalgebra of Hn
and pHnmin is a simple subcoalgebra of H
n
min (since the element p is a
primitive idempotent in Hns \ Hnt ).
Recall from Remark 4.11 that ia : f/fa is a coalgebra automorphism of
Hn which preserves Hnmin only if a is trivial. This is exactly the case here since
relation (44) insures that ia maps pHnmin to itself for all primitive idempotents
p 2 Hns \ Hnt : Thus, one can choose ‘ in such a way that a ¼ E; i.e., one can
assume that ‘ ¼ Sð‘Þ (in which case ‘ is a two-sided integral). Then (44)
implies that xp 2 Hns \ Hnt ; therefore, yp 2 Hs \ ZðHÞ is a non-zero multiple
of p: We conclude that y ¼ esð‘Þ ¼
P
p2I yp is an invertible central element
of H: Hence, ‘0 ¼ y1‘ is a normalized right integral. By Maschke’s
theorem, H is semisimple. ]
Corollary 6.5. Let H be a finite dimensional weak Hopf algebra.
Suppose that TrðS2jHnpÞa0 for every primitive idempotent p 2 Hns \ Hnt :
Then H is semisimple.
Proof. Note that pH; where p 2 Hs \ ZðHÞ is a primitive idempotent, is
naturally identiﬁed with the dual space of Hnp; where p ¼ p * 1; so that
TrðS2jpHÞ ¼ TrðS2jHnpÞ: ]
Corollary 6.6. Let H be a connected finite dimensional weak Hopf
algebra. If TrðS2Þa0; then H is semisimple.
Corollary 6.7. Let H be a biconnected finite dimensional weak Hopf
algebra. If TrðS2Þa0; then H and Hn are semisimple.
Semisimplicity and cosemisimplicity: It is a well-known theorem due to
Larson and Radford [8] that a semisimple Hopf algebra over k is
automatically cosemisimple. The proof of this theorem uses the ﬁniteness
of the order of the antipode and the formula for TrðS2Þ:
Here we prove a similar result for weak Hopf algebras with coinciding
bases.
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TrðS2jpHpÞa0 for all primitive central idempotents of Hmin:
Proof. Note that since H is semisimple, S2 is an inner algebra
automorphism of H by B .ohm et al. [1, 3.22]. For all p 2 Hmin we have
TrðS2jpHpÞ ¼ TrðS2jpH0pÞ þ
X
J
TrðS2jpJpÞ; ð45Þ
where H0 is the minimal weak Hopf quotient of H (viewed as a minimal
ideal of H) and the sum is taken over the rest of minimal two-sided ideals of
H (so that each pJp is a simple algebra). Since p is a primitive idempotent of
Hmin; it follows from Corollary 5.15 that S
njpHp ¼ id for some n > 0; so that
TrðS2jpJpÞ50 by the same reasoning as in [8, Lemma 3.2]. Since S2 ¼ id on
Hnmin; we have S
2jH0 ¼ idH0 : Therefore, Eq. (45) implies that
TrðS2jpHpÞ > 0; ð46Þ
for all primitive idempotents p 2 Hmin: ]
Theorem 6.9. Let H be a semisimple weak Hopf algebra such that
Ht ¼ Hs: Then Hn is semisimple.
Proof. By Corollary 5.16, we have Sn ¼ id for some n > 0: Also, the
bases are necessarily commutative, so that S2jHmin ¼ idHmin :
By Lemma 6.8 we have TrðS2jpHpÞa0 for all primitive idempotents
p of Hs ¼ Hmin: For any dual pair ð‘; lÞ of non-degenerate integrals, the
element
ð‘ð2Þ * lÞ  pS1ð‘ð2ÞÞp
is the dual bases tensor for pHp; therefore,
0aTrðS2jpHpÞ ¼ hetðlÞ; pesðp‘Þi:
Let r ¼ ðE( pÞ 2 Hnt ; then etðlÞra0: Since the latter holds for all primitive
idempotents r 2 Hnt ; we conclude that etðlÞ 2 ZðHnÞ \ Hns is invertible.
Therefore, l0 ¼ letðlÞ1 is a normalized left integral and, hence, Hn is
semisimple by Maschke’s theorem. ]
Cosemisimplicity of weak Hopf algebras arising from dynamical twisting:
As an application of the above results we prove below that weak Hopf
algebras obtained from dynamical twisting of semisimple Hopf algebras
(such as, e.g., ﬁnite group algebras) are cosemisimple.
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Y 2 Dð1ÞðH  HÞ; %Y 2 ðH  HÞDð1Þ and Y %Y ¼ Dð1Þ ð47Þ
such that Y and %Y satisfy non-commutative 2-cocycle conditions [4, 3.1.1].
In this case DY : H ! H  H deﬁned by
DYðhÞ ¼ %YDðhÞY; h 2 H
is a coassociative comultiplication on the algebra H that makes it a new
weak Hopf algebra, which we will denote by HY: If we write Y ¼
Yð1Þ Yð2Þ and %Y ¼ %Yð1Þ  %Yð2Þ; where a summation is understood, then
the antipode of HY is given by
SYðhÞ ¼ v1SðhÞv; h 2 H; ð48Þ
where v ¼ SðYð1ÞÞYð2Þ and v1 ¼ %Yð1ÞSð %Yð2ÞÞ: The counital maps of HY
were computed in [4, 3.1.2]:
etYðhÞ ¼ eðYð1ÞhÞYð2Þ; esYðhÞ ¼ %Yð1Þeðh %Yð2ÞÞ; ð49Þ
for all h 2 HY; in particular, the twisting may deform the bases of a weak
Hopf algebra.
Recall the deﬁnition of a dynamical twist in a Hopf algebra from [4]. Let
U be a Hopf algebra and A be a ﬁnite Abelian subgroup of the group of
group-like elements of H: Let An be the group of characters of A; and let
Pm; m 2 An be the minimal idempotents in kA:
Definition 6.10. A function J : An ! U  U with invertible values
and such that JðlÞDðaÞ ¼ DðaÞJðlÞ; for all l 2 An and a 2 A; is
called a dynamical twist for U if it satisﬁes the following functional
equations:
ðD idÞJðlÞðJðlþ hð3ÞÞ  1Þ ¼ ðid DÞJðlÞð1 JðlÞÞ; ð50Þ
ðe idÞJðlÞ ¼ ðid eÞJðlÞ ¼ 1: ð51Þ
Here Jðlþ hð3ÞÞ ¼Pm Jðlþ mÞ  Pm 2 U  U  A:
We refer the reader to [5] for an introduction to the theory of dynamical
quantum Yang–Baxter equations and dynamical twists.
Let us consider the tensor product weak Hopf algebra H ¼ MjAjðkÞ  U ;
where the matrix algebra MjAjðkÞ is a weak Hopf algebra (in fact, a groupoid
algebra) with the basis consisting of matrix units fElmgl;m2An and with the
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DðElmÞ ¼ Elm  Elm; eðElmÞ ¼ 1; SðElmÞ ¼ Eml: ð52Þ
Then for any dynamical twist J : An ! U  U the pair
Y ¼
X
lm
EllþmJð1ÞðlÞ  EllJð2ÞðlÞPm; ð53Þ
%Y ¼
X
lm
ElþmlJð1ÞðlÞ  EllPmJð2ÞðlÞ; ð54Þ
is a twist for H [4, 4.2.4], where J ¼ Jð1Þ  Jð2Þ and J1 ¼ Jð1Þ  Jð2Þ:
By (49), the counital maps of the corresponding twisted weak Hopf
algebra HY are given by
etYðEabhÞ ¼ EðhÞ
X
l
EllPla; esYðEabhÞ ¼ EðhÞEbb; h 2 U :
Thus, the bases of HY are
ðHYÞt ¼ span
X
l
EllPla j a 2 An
( )
;
ðHYÞs ¼ spanfEbb j b 2 Ang:
Note that the bases do not depend on J; and that HY is biconnected in the
sense of Deﬁnition 6.3.
Proposition 6.11. Let U be a semisimple Hopf algebra, and J : An !
U  U be a dynamical twist for U. The weak Hopf algebra HY obtained by
the dynamical twisting of H ¼ MjAjðkÞ  U is cosemisimple, i.e., its dual is
semisimple.
Proof. By Corollary 6.7, it sufﬁces to show that TrðS2YÞa0 in EndkðHYÞ:
From (48) we see that
S2YðhÞ ¼ g1hg; where g ¼ SðvÞ1v; h 2 HY:
Therefore, TrðS2YÞ ¼
P
p TrðpðgÞÞTrðpðg1ÞÞ; where the summation is taken
over all irreducible representations of the semisimple algebra H: From the
STRUCTURE OF WEAK HOPF ALGEBRAS 285formulas for v and v1 and explicit formulas (53) and (54) we have
g ¼
X
lm
EllPmSðJð1ÞðlÞÞJð2ÞðlÞJð2ÞðlÞSðJð1ÞðlÞÞPm;
g1 ¼
X
lm
ElþmlþmPmSðJð2ÞðlÞÞJð1ÞðlÞJð1ÞðlÞSðJð2ÞðlÞÞPm;
whence we can compute
TrðpðgÞÞ ¼
X
l
TrðpðEllSðJð1ÞðlÞÞJð2ÞðlÞJð2ÞðlÞSðJð1ÞðlÞÞÞÞ
¼ deg p;
and, similarly, Trðpðg1ÞÞ ¼ deg p so that TrðS2YÞ ¼ dimðHYÞa0: ]
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